Middle School Students’ Meanings of Points from Quantitative and Covariational Reasoning
Perspectives

Halil I. Tasova & Kevin C. Moore

Tasova, H. 1., & Moore, K. C. (2025). Framework for the meanings of points from quantitative
and covariational reasoning perspective. Journal for Research in Mathematics Education,
56(5), 233-258.

Available at: https://doi.org/10.5951/jresematheduc-2023-0178




Journal for Research in Mathematics Education
2025, Vol. 56, No. 5, 233-258

Middle School Students’ Meanings of Points From Quantitative and
Covariational Reasoning Perspectives

Halil I. Tasova
California State University — San Bernardino

Kevin C. Moore
University of Georgia

We examine the meanings students give to points when they are graphing relationships between quantities in dynamic, experiential
contexts. Using data from teaching experiments with middle-grades students, we illustrate two main categories of meanings: iconic
and quantitative. We then introduce four distinct subcategories of meanings: (a) iconic and transformed iconic translations (a point
represents an object or location), (b) nonunited points (a point represents a single quantity’s magnitude), (c) spatial-quantitative
multiplicative objects (a point is an object or location with quantitative properties), and (d) quantitative multiplicative objects in
conventional and nonconventional planes (a point represents two quantities’ magnitudes). We discuss the implications of these
meanings for research, teaching, and curriculum development.
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Graphing is essential for understanding mathematical concepts (Thompson & Carlson, 2017). Beginning to work with
graphs represents a critical moment in middle school mathematics, fostering powerful learning and supporting functional
thinking and algebraic reasoning (Ellis, 2011; Van Dyke & White, 2004). However, students often face challenges in
interpreting graphs that affect their learning of algebra and calculus ideas like function and rate of change (Clement, 1989;
Hattikudur et al., 2012). They may view graphs as literal pictures of situations or motions rather than as representations of
quantitative relationships (Clement, 1989; Johnson et al., 2020). Although these approaches may work in isolated instances,
they are not flexible or generative for long-term learning and sense making in STEM contexts (Glazer, 2011; Gonzélez,
2021; Panorkou & Germia, 2021; Rodriguez et al., 2019).

Research on graph interpretation and construction has historically addressed general graphing behaviors (e.g., Ponte,
1984; Wavering, 1989) or focused on specific mathematical concepts, such as slope and intercepts (e.g., Hattikudur et al.,
2012). It has also taken on different perspectives, such as incorporating embodiment-based learning opportunities (e.g.,
Botzer & Yerushalmy, 2008; Nemirovsky et al., 1998; Radford et al., 2009). This perspective highlights how students use
their kinesthetic experience to make sense of graphs by associating changes in motion (e.g., speed and direction) with a
graph’s shape (e.g., aspects of concavity and height; Deniz & Dulger, 2012; Nemirovsky et al., 1998). Alternatively, the
multiple representations perspective (e.g., Fonger, 2019; Knuth, 2000; Nitsch et al., 2015) focuses on how students relate
graphs to other forms of representation, such as tables and equations, emphasizing flexible movement among representa-
tions (Moschkovich et al., 1993; Yerushalmy & Schwartz, 1993). In this article, we promote a perspective that focuses on
students’ quantitative and covariational reasoning: how individuals construct and reason about measurable attributes that
vary in magnitude (Thompson, 2011; Thompson & Carlson, 2017). Such a focus orients us to developing detailed models
of students’ meanings for the graphical objects they construct—such as points, curves, and axes—as they attempt to graph
quantities and their relationships.

Researchers have suggested that quantitative and covariational reasoning form productive foundations for students’
graphing meanings (e.g., Carlson et al., 2022; Frank, 2017; Johnson, 2022; Paoletti et al., 2023; Paoletti, Gantt, &
Vishnubhotla, 2022; Thompson et al., 2017). Developing meanings using quantitative and covariational reasoning enhances
students’ and preservice teachers’ graphing skills (e.g., Lee et al., 2019; Paoletti & Vishnubhotla, 2022; Tasova, 2021). A
key theme within the research on individuals’ quantitative and covariational reasoning is the importance of constructing
multiplicative objects, which are objects that result from cognitively uniting two or more attributes (i.e., quantities’ magni-
tudes) simultaneously (Frank, 2017; Saldanha & Thompson, 1998; Thompson & Carlson, 2017; Thompson et al., 2017).
Another theme in this line of research is the importance of students conceiving of a graph as an emergent trace of how two
united quantities’ values vary simultaneously (emergent shape thinking; Moore, 2021; Moore & Thompson, 2015). This
meaning affords a student the opportunity to make sense of a graph as a product of enacted mathematical operations,
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234 Students’ Quantitative and Covariational Meanings of Points

instead of conceiving of a graph as a shape qua shape in which the student’s meanings are restricted to learned facts asso-
ciated with perceptual shape patterns and properties (static shape thinking; Moore, 2021; Moore & Thompson, 2015;
Rodriguez & Jones, 2024). Reasoning about graphs using emergent shape thinking can serve as an important foundation
for STEM disciplines because it allows for the modeling and understanding of dynamic, complex systems (Czocher et al.,
2022; Paoletti, Lee, et al., 2022; Rodriguez et al., 2019).

To date, researchers, including those employing the perspective we adopt here, have taken several approaches to
investigate students’ meanings for graphs, coordinate systems, and points. Some researchers have explored the relation-
ship between coordinate systems and the mental actions involved in organizing space (Lee et al., 2020). Others have
examined students’ meanings for points in relation to concepts such as functions or rate of change (e.g., Carlson et al.,
2002; David et al., 2019; Paoletti & Moore, 2017; Ponte, 1984). One remaining gap in this area of research is an under-
standing of students’ meanings of points in reference to dynamic situations and independent of specific concepts.
Namely, the field lacks nuanced models explaining how students re-present—or reconstruct during a new experience
(von Glasersfeld, 1995)—quantitative relationships when creating graphs to capture dynamic situations understood to
entail those perceived quantitative relationships. As graphing activities with moving objects (e.g., Budak et al., 2018;
Cory, 2010; Fernandez, 2006) or dynamically changing objects (e.g., DePeau & Kalder, 2010; Koyunkaya et al., 2015;
Singleton & Ellis, 2020) gain momentum in curricula, the need grows to systematically document students’ diverse
meanings of points, including the extent to which they conceive of points as representations of quantitative relationships
and multiplicative objects.

In this article, we introduce models that clarify characteristics of students’ meanings for points with respect to the attri-
butes of a situation they intend to capture with their points and, hence, graphs. These models articulate what students
conceive of their graphing activity to re-present and the extent to which their actions are quantitative when they create
graphs that convey a dynamic, experiential situation and its quantitative relationships. We introduce these models as a
framework for categorizing students’ meanings of points on a plane, developed through a teaching experiment with four
middle-grades students. Because the framework represents abstracted models of middle-grades students’ thinking, it
contributes novel insights into foundational graphing skills along two primary features of students’ meanings: The frame-
work distinguishes between meanings that are iconic or quantitative and between meanings according to the extent they
entail conceiving of a point as a multiplicative object. As a whole, the framework contributes to researchers’ pursuit of the
answer to the important question: What are middle school students’ meanings of points when they are engaged in graphing
activities that emphasize quantitative and covariational reasoning within experiential contexts?

Theoretical Perspective

Our perspective on students’ meanings is grounded in von Glasersfeld’s (1995) radical constructivism, which views an
individual’s knowledge as idiosyncratic and fundamentally unknowable to others. This theory frames our study, but we
also adopt Thompson and Harel’s definition of meaning within their system of knowledge that is based on Piagetian notions
of scheme and assimilation (Thompson, 2016; Thompson et al., 2014). In this system, schemes are cognitive structures of
mental actions, images, and objects that individuals enact in relevant situations to achieve specific results (Thompson et al.,
2014). Schemes are implicative, with more advanced ones incorporating greater complexity and actions (Dubinsky, 1991;
Thompson et al., 2014). Unlike traditional definitions of schemes that emphasized a stimulus-action-result structure (von
Glasersfeld, 1995), Thompson et al. (2014) defined meaning as a way to refer to an individual’s schemes while emphasizing
that a meaning is an ensemble of actions and related schemes.

Assimilation is the active, constructive process of using an existing cognitive structure to organize a current experience
and establish a state of equilibrium, which corresponds to achieving an understanding (Piaget, 2001; von Glasersfeld,
1995). This involves assimilating an experience to a system of schemes and associated implications (Thompson et al., 2014).
For example, a student could assimilate a point on a coordinate plane into their conception of a physical object on a map
(e.g., a bike), anticipating that as the bike moves left or right, the point should move identically. Alternatively, a student
could assimilate a point as the result of uniting two segments on coordinate axes, anticipating that these segments re-present
two quantities’ magnitudes from the situation. They may also anticipate plotting points to record covarying magnitudes,
matching the segments’ covariation with the situation’s magnitudes.

Gaining understanding through assimilation can be effortful, requiring cognitive reorganization (i.e., learning). We
focus on participants’ enacted meanings that achieved equilibrium through assimilation, rather than on the cognitive
reorganizations and problem-solving actions that led to their initial construction of those meanings. Additionally, the
reported meanings do not represent a participant’s complete understanding or capacity. Individuals hold various meanings
for a concept, and which meaning they enact is stochastic from a researcher’s perspective. Any claim regarding a partici-
pant’s meaning is a model providing merely one meaning that viably explains their in-the-moment action.
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Background and Literature Review

Saldanha and Thompson (1998) and Thompson (2011) highlighted two key aspects of students’ quantitative and covari-
ational reasoning: (a) conceiving of each quantity itself and its dynamic variation, and (b) conceptualizing a multiplicative
object by coupling two quantities while maintaining the image of the dynamic situation. In this section, we first summarize
research on key aspects of quantitative and covariational reasoning in graph construction and interpretation. Then, we
discuss the history of the concept of a multiplicative object and examine how graphs and coordinate systems have previously
been studied.

Quantitative and Covariational Reasoning

We use “quantity” to refer to the conceptual entity that an individual constructs as an attribute of an object that allows
measurement—whether anticipated or realized—with an associated unit (Thompson, 2011). Thompson (1990) described
quantitative reasoning as “the analysis of a situation into a quantitative structure,” where a quantitative structure is “a
network of quantities and quantitative relationships” (p. 12). Researchers have emphasized the importance of conceiving of
situations with respect to quantities and their relationships when learning foundational mathematical concepts such as rate
of change, quadratic and exponential relationships, and functions (Carlson et al., 2002; Castillo-Garsow, 2012; Confrey &
Smith, 1994; Ellis, 2011; Ellis et al., 2016; Johnson, 2015; Thompson & Carlson, 2017). Providing students with opportunities
to conceptualize quantities and their varying relationships in dynamic situations helps them construct meaningful graphs,
because graphing becomes a generative re-presentation of their mathematical thinking (Ellis et al., 2018; Frank, 2017; Johnson
et al.,, 2020; Lee et al., 2019; Paoletti et al., 2023; Thompson, 2011). This understanding is different from merely plotting
points through iconic translation (i.e., conceiving of graphs as a picture of a situation; Clement, 1989; Monk, 1992), memo-
rized actions such as “over and up,” or reproducing memorized shape associations such as “faster”” means “curves up.”

Covariational reasoning involves envisioning how two quantities’ values vary simultaneously (Carlson et al., 2002;
Thompson & Carlson, 2017). It is essential for understanding functions as models of dynamic events (Carlson et al., 2022)
and for constructing and interpreting graphs of those functions. Although students can grasp covariation concepts as early
as elementary and middle grades (Confrey & Smith, 1994; Johnson, 2015; Paoletti, Gantt, & Vishnubhotla, 2022;
Thompson, 1994), engaging in covariational reasoning to conceive of situations in which quantities covary is not trivial
without repeated practice and development (Carlson et al., 2002; Paoletti & Vishnubhotla, 2022).

Researchers have identified various ways in which students reason covariationally (e.g., Carlson et al., 2002; Ellis
et al., 2020; Thompson & Carlson, 2017). Our focus is not on distinguishing nuanced differences in covariational
reasoning but on general categories of meanings, some of which include any form of covariational reasoning. For clarity
and example production, we draw on empirical examples involving a particular form of covariation: gross coordination
of values (Thompson & Carlson, 2017). Gross coordination involves attending to overall changes in two quantities’
values (i.e., increase or decrease) relative to each other without considering specific values. For example, a person could
describe the relationship between the height and volume of water in a filling bottle by noting that height increases as
volume increases.

Multiplicative Object

The concept of uniting two distinct attributes into a single entity originates from Inhelder and Piaget’s (1964) work on
how children classify objects with two attributes, such as shape and color. They identified two ways of thinking: one is
based on perceptual features, treating a matrix arrangement as an incomplete pattern, and the other on using a multiplicative
operation to coordinate two classes logically (see examples in Figure 1). This cognitive process involves integrating two
distinct attributes into a single conceptual object—what later work referred to as a multiplicative object.

Figure 1

A Matrix Diagram Derived From the Narratives of Inhelder and Piaget (1964) and Examples of Ways of Thinking When Identifying the
Missing Element

Multiplicative Operation:

Classifying the given three objects simultaneously in terms
of shape and color, then identifying two elements of
squares already belong to the classification of red or blue,
noting the given element of circle belongs to red, and then
joining circle and blue to construct the missing element

Perceptual Configuration:
Squares are symmetric over
the horizontal axis of the
diagram, so the blank space
should include a circle
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Saldanha and Thompson (1998) built on this foundational idea and identified that covariational reasoning requires
cognitively uniting two attributes into a multiplicative object that has both attributes simultaneously (see also Thompson,
2011). For example, an individual could conceive of a coin as having both a specific temperature and density at the same
time. This requires holding both attributes in mind and understanding their simultaneous variation. In dynamic contexts,
such as heating the coin to its melting point, having constructed a multiplicative object enables the tracking of temperature
variations while maintaining a persistent awareness of simultaneous density changes.

In the context of covariation, Thompson (2011) represented the multiplicative object formed by uniting two quantities’
variations as (x,,,) = (x(z,),y(t,)), where x,=x(t,) represents a variation in the values of x and ¢, represents variation in ¢
through conceptual time over the interval [¢, -+ e). For students to reason covariationally, they must unite x, and y, to
construct the multiplicative object (x,, v,), which is constituted by both quantities persistently and simultaneously. As we
illustrate in the following section, this conceptual object is the basis for graphical representations and points in
coordinate planes.

Graphs and Coordinate Systems

We focus on graphs constructed within coordinate-system constraints that resemble those used in mathematical commu-
nities. However, students’ meanings of points and associated coordinate systems develop over time through novel and
creative acts. Their constructions may result in organizations unfamiliar to researchers and not easily classified within
existing coordinate-system types (e.g., diSessa, 1991; Lee, 2017). Our findings provide insights into the novel coordinate
systems that students construct when their meanings for points lead to unique ways of structuring the plane, even when
tasks are situated within common coordinate-system constraints.

We thus distinguish between conventional and nonconventional Cartesian planes. Conventional planes adhere to estab-
lished practices of horizontally and vertically oriented axes representing quantities, ensuring consistent and efficient
mathematical communication through social negotiation (Moore, Silverman, et al., 2019). Nonconventional planes deviate
from these practices but can be equally valid structurally. Students’ use of nonconventional planes is to be expected, must
be recognized, and should be honored because conventional practices are learned through repeated experiences constructing
a concept and communicating that concept among a group of individuals.

Lee etal. (2020) distinguished between spatial and quantitative coordinate systems. Spatial coordinate systems describe
object locations within a real-life situation where a coordinate system is overlaid (Figure 2a). In contrast, quantitative
coordinate systems involve conceiving of, disembedding, and projecting quantities onto a new space (Figure 2b). The key
distinction lies in their goal-oriented activities. Spatial coordinate systems organize the figurative material of a present
situation (e.g., a bike’s path or physical locations on a map), whereas quantitative coordinate systems focus on acts of
re-presentation, often in the absence of figurative material (Lee et al., 2020; Liang & Moore, 2021).

To characterize students’ graphing actions and meanings for points, we distinguish between representation and re-pre-
sentation. Following von Glasersfeld (1995) and extensions of his perspective (Hackenberg, 2010b; Izsak et al., 2008;
Liang & Moore, 2021), we use “representation” to refer to a mode of display (e.g., a graphical representation) or a figurative

Figure 2

(a) lllustration of Lee et al. s (2020) Spatial Coordinate System (b) Quantitative Coordinate System
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object within that display (e.g., a point on a Cartesian plane). In contrast, we use “re-presentation” to refer to the act of
taking an object or attribute from one context and presenting it in another, often to preserve its structural equivalence as
determined by the person doing the re-presenting.

For example, Lee etal.’s (2020) quantitative coordinate system differs from a spatial coordinate system because it involves
an act of re-presenting quantitative properties—such as the length of a line segment or the volume of water—by graphically
depicting them in a new system, beyond simply constructing referent axes. Underscoring our study’s purpose and contri-
bution, students’ acts of re-presentation are a critical area of study for mathematics educators seeking to understand how
students construct meanings for objects they come to understand as constituting representational systems. Researchers
generate useful constructs and categories to characterize different mathematical objects, and Lee et al.’s (2020) quantitative
and spatial coordinate systems are apropos examples of these. However, students’ reasoning is often not as clean and defined
as these constructs.

Related to acts of re-presentation, Moore and Thompson (2015) introduced emergent shape thinking to describe how a
person envisions a graph “simultaneously as what is made (a trace) and how it is made (covariation)” (p. 785). This involves
re-presenting two interdependent quantities’ magnitudes on each axis, forming a multiplicative object, and generating a
graph through the simultaneous coordination of covarying quantities (see Paoletti et al., 2023, for a local instruction theory
on emergent shape thinking). Researchers have shown this to be a productive way of thinking about graphs when attempting
to re-present covariational relationships (Frank, 2017, Moore, Stevens, et al., 2019; Paoletti et al., 2023). However, envi-
sioning graphs as composed of points that record two covarying quantities is not a trivial meaning to construct (Frank,
2016, 2017; Saldanha & Thompson, 1998; Thompson et al., 2017). Reasoning emergently requires not only constructing a
multiplicative object but also coordinating the two attributes of that object along with its representational object (e.g., a
point) to re-present particular mathematical attributes (e.g., one quantity increasing as the other quantity decreases). The
emphasis in school mathematics on plotting points as a procedure (e.g., over and up, Figure 3a) complicates this by leading
to meanings that foreground taking physical actions rather than conceiving of a multiplicative object as simultaneously
representing the two quantities’ magnitudes located on axes (Moore, 2014; Figure 3b).

Hence, researchers and educators must examine students’ cognitive processes, recognizing that their meanings of points
may be confined to ordered pairs or spatial placements that do not symbolize or unite quantities’ magnitudes. Constructing
an object that represents two quantities as a single entity demands deeper comprehension beyond procedural knowledge.
Students may proficiently plot points yet struggle with quantitative interpretations. This highlights the need to identify the
specific multiplicative objects they are forming. A key challenge in mathematics education research is understanding how
instruction can help students develop a meaning of points as multiplicative objects, a process closely tied to emergent shape
thinking (Paoletti et al., 2023). Although this study does not directly address that challenge, it contributes by detailing the

Figure 3

(a) Plotting a Point as a Procedure (i.e., Over and Up) (b) Plotting a Point as a Projection of Two Quantities’ Magnitudes
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238 Students’ Quantitative and Covariational Meanings of Points

attributes and aspects students attempt to re-present when constructing graphs. The models of student thinking developed
in our framework provide researchers and educators with tools to inform future research and instructional strategies that
foster productive graphing meanings.

Methods

The data for this study were collected from two teaching experiments (Steffe & Thompson, 2000) at a public middle
school in the southeastern United States. Participants included two seventh-grade students (Ella and Zane, age 12) and two
sixth-grade students (Mike and Naya, age 11), all of whom volunteered with parental permission. The seventh graders were
African American and the sixth graders were White. We use gender-preserving pseudonyms for all students.

Data Collection: Teaching Experiments

We explored middle school students’ graphical meanings as they engaged in tasks emphasizing quantitative and covari-
ational reasoning in experiential contexts. To develop tools useful for characterizing and supporting students, we conducted
teaching experiments to construct second-order models! of their mathematical understanding and observe how their
thinking evolved (Steffe & Thompson, 2000). The learning objectives focused on leveraging quantitative and covariational
reasoning to support students’ development of productive meanings for graphs, including emergent shape thinking. We
have documented the participants’ developmental shifts elsewhere (Tasova, 2022; Tasova & Moore, 2021); this article
examines the different meanings of points observed during specific moments of the teaching experiments.

In spring 2019, Ella and Zane participated in six paired teaching sessions, after which Zane completed 10 individual
sessions when Ella withdrew for family reasons. Each session lasted about an hour. In summer 2019, Mike and Naya
participated in 14 paired sessions, each lasting approximately 50 min. Within paired sessions, students occasionally
completed tasks individually. Balancing paired and individual sessions allowed us to iteratively develop and test models
of student thinking while leveraging the benefits of each setting (Steffe & Thompson, 2000; Steffe & Ulrich, 2020; Ulrich
et al., 2014). Group settings can stimulate thinking but may obscure individual contributions, whereas individual sessions
allow the development of finer grained models of each student’s thinking. We adjusted the setting as models evolved,
ensuring rigor by generating data for hypothesis development and testing. In all sessions, the first author served as the
teacher-researcher (TR), with other team members acting as witness-researchers.

Data Management and Analysis

We captured the teaching sessions on video to record participants’ exact words, gestures, and drawings. Two video
cameras were used: one for a wide-angle view of the students from the front and another for a focused view of their activ-
ities from above (Figure 4). We also collected screen recordings from a tablet device displaying animations. After each
session, we transcribed the videos and digitized students’ written work and the notes taken by research team members.

Ongoing and Retrospective Analysis

We conducted both ongoing and retrospective conceptual analyses (Steffe & Thompson, 2000). During ongoing analysis,
we formulated and tested hypotheses about each student’s thinking on the basis of their task engagement. To refine these
hypotheses and build models, we engaged students in varied situations across tasks and settings (i.e., group and individual
sessions). We adjusted subsequent sessions using our ongoing analysis to systematically investigate our interpretations.
Throughout this process, we took detailed notes on student engagement, interpretations of their actions, and decisions for
subsequent session design, providing valuable resources for retrospective analysis.

In the retrospective analysis, we revisited the data after the teaching experiments to build and revise the ongoing models
developed during student interactions. Using an open and axial coding approach (Strauss & Corbin, 1998) combined with
conceptual analyses (Thompson, 2008; von Glasersfeld, 1995), we implemented an iterative process to generate descriptors
of student meanings and then conduct coding analysis of the video recordings to provide reliable explanations of students’
activities (i.e., second-order models). This process involved multiple passes through the recordings, with each pass
informing subsequent passes and each second-order model informing the other second-order models.

First, we analyzed each student’s data, including ongoing analysis results, to answer: “What mental operations must be
carried out to see the presented situation in the particular way one is seeing it[?]” (von Glasersfeld, 1995, p. 78). We iden-
tified characteristics of students’ quantitative and nonquantitative interpretations, meanings for points, and graphical

V' A second-order model refers to a hypothetical model of a student’s mathematics that a researcher constructs through intentional interactions
with that student. Steffe and Thompson (2000) distinguished second-order models from a researcher’s first-order mathematics to clarify that both
are products of the researcher’s thinking: First-order models reflect the researcher’s own mathematics, whereas second-order models represent the
mathematics the researcher attributes to someone else.
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Figure 4
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actions. By comparing these characteristics across participants, we generated categories of students” meanings, including
those for points on the coordinate plane. To distinguish between quantitative and nonquantitative interpretations, we
followed established guidelines (Moore et al., 2022, 2024; Thompson, 2011) to gain insights into the extent to which a
student is reasoning about measurable attributes. We paid particular attention to the extent to which a student’s actions
indicated that they held a magnitude in mind, constructed a unit for measuring that magnitude, established a stable frame
of reference for it, and formed comparisons between magnitude states.

With student meaning categories established, we conducted another pass through the data to code each session accord-
ingly. This process allowed us to explore the effectiveness of our categories in characterizing student actions. During this
phase, we identified instances that were not adequately captured by the categories of student meanings, leading us to refine
and modify them so that they more viably captured the students’ actions. In yet another round of retrospective analysis,
we examined connections among categories and identified patterns and relationships. We took extensive notes and created
memos to assist us when new analyses challenged previous conclusions. At times, we revisited and refined our second-
order models to better explain emerging connections and implications. For example, in attempting to connect or explore
the implications of various categories, we identified the need for more detailed articulations of our second-order models.
Both authors engaged in collaborative discussions throughout the process to reconcile differences and reach consensus.
See Figure 5 for an overview of the analysis process.

Our iterative, multiphase analyses resulted in the framework we present here, with its components emerging and stabi-
lizing at different stages of retrospective analysis. This process aligns with Steffe and Thompson’s (2000) perspective on
viability and generalizability in teaching experiments and the development of second-order models of students’ mathe-
matics. Only through developing multiple second-order models can a researcher produce, elucidate, and refine character-
istics that are uniquely viable to one of them; a second-order model of a participant’s thinking becomes a tool for developing
a second-order model for a different participant, and the process of developing subsequent second-order models better
positions the researcher to clarify additional aspects of previously generated second-order models. Similarly, a researcher
can identify and refine shared characteristics among second-order models as they encounter student data compatible with
previously generated second-order models. The categories and characteristics that emerge and stabilize serve as “useful
in organizing and guiding our experience of students doing mathematics” (Steffe & Thompson, 2000, p. 304). A framework
like the one given here can then form the foundation for future studies to explore their broader applicability among the
diverse population of learners in this world. We return to this point in the closing of the article.
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Figure 5

Ongoing and Retrospective Analyses Overview
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Reflexivity in Teaching Experiment Methodology

Reflexivity—“the need to be explicit about biases and assumptions and also about how the research has affected and
even changed the researcher” (de Freitas et al., 2017, p. 169)—played a critical role in our methodology. Throughout the
teaching experiment, the TR maintained a balance between respecting participants’ personal realities, actions, and contri-
butions and attempting to gain insights into and potentially influence those realities. This approach sometimes required
the researchers to engage in intentional actions to influence participant actions, particularly when testing hypothesized
models of student thinking by exploring the limits of those models. Even in such cases, the researchers maintained a position
of empathy, informed curiosity, and inquisitiveness (Hackenberg et al., 2024). The TR continuously explored the viability
of our models of student thinking, recognizing that the TR’s actions influenced participants’ thinking. Our goal in this
article is thus to report on the models of student thinking that this approach enabled us to develop, rather than provide an
explanatory account of how TR actions influenced participant thinking.

Radical constructivism, which underpins our methodology, emphasizes self-reflexivity (Hackenberg et al., 2024).
Hackenberg et al. (2024) emphasized that TRs should engage in productive doubt of their models, subjecting them to
scrutiny and viewing them as tentative interpretations that could be revised with further analysis. This requires that
researchers reject claims of objectivity or correctness in their models, always considering alternative models and scruti-
nizing their models through ongoing and retrospective analyses. The models are never to be interpreted as claims about
what is occurring in the mind of the student. The models presented here are hypotheses of student thinking, built on existing
viable models and our own observations. They warrant further scrutiny and revision—a point to which we return in the
closing of this article.

Task Design and Implementation

In each session, as students engaged in graphing activities, the TR prompted them to explicitly discuss their thinking.
The TR and research team designed tasks that were based on ongoing models of student thinking, occasionally drawing
on existing research on graphing covarying quantities (e.g., Frank, 2017; Moore & Thompson, 2015; Stevens et al., 2017,
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Thompson & Carlson, 2017). We created the tasks using dynamic geometry software (GeoGebra) and displayed them on
a tablet.

Each task in our teaching experiments involved an experiential context (e.g., riding a bike) that students had to make
sense of before engaging in graphing. We first examined how students conceived of quantities within each situation, then
prompted them to proceed to graphing only after establishing a stable model of their understanding. In general, students
exhibited a mix of quantitative and nonquantitative understandings of the situations. Consistent with prior research (Izsak,
2000, 2003; Czocher et al., 2022; Moore & Carlson, 2012), we found that students’ graphing activities were re-presentations
of these understandings. Their acts of re-presentation provided further data to refine our models of how they conceptualized
situations. Importantly, we observed no evidence in their re-presentational activities that required a fundamental revision
of our model of their understanding of the situations.

In the remainder of this section, we illustrate the tasks used in our results to showcase student reasoning. Digital versions
of all main tasks used in the teaching experiment are available online (https://www.geogebra.org/m/fww2c5mz).

Downtown Athens Task

The Downtown Athens Task was an adapted version of Sketching Graphs from Pictures: Particles and Paths (Swan, 1985).
It included a map of downtown Athens, GA with seven labeled locations: UGA Arch (Arch), Double-Barreled Cannon
(Cannon), First American Bank, Georgia Theater, Wells Fargo Bank, Statue of Athena, and Starbucks (see https:/www
.geogebra.org/classic/mnfdmtzg). The task also included a Cartesian coordinate plane with axes labeled “Distance from
Cannon” and “Distance from Arch.” Seven unlabeled points on the plane represented each location’s corresponding distances
from these landmarks. We asked participants what each point might represent to observe their meanings and explore their
meanings of points in what we perceive to be a Cartesian coordinate plane. Although the task was designed using Euclidean
distances, we ensured that discussions explored students’ interpretations of “distance,” acknowledging its multiple possible
meanings. Given the street layout of the map, the context could naturally lend itself to a taxicab or path-based interpretation
of distance. For this reason, we took students’ interpretations seriously and negotiated with them what was meant by
“distance” in the task, ensuring alignment with the intended interpretation while honoring their reasoning.

Downtown Athens Bike Task

The Downtown Athens Bike Task used the same map of downtown Athens but highlighted a straight street (Clayton St.
or College Ave.) with two nearby landmarks: the Arch and Cannon (see https://youtu.be/bTRJskGP03U). An animation
displayed a bike moving back and forth along this street. This task was inspired by similar activities in Swan (1985; Going
to School), Ponte (1984; Journey to School), Stevens et al. (2017; Going Around Gainesville), and Saldanha and Thompson
(1998; City Travels). Our goal was to explore how students conceived of the relationship between two covarying quantities.
Students were asked to sketch the relationship between the bike’s distance from Arch and Cannon as it moved. Because
the distances from Arch and Cannon vary together—increasing or decreasing simultaneously as the bike moves—students
would probably produce an upward-sloping line graph. Because the graph’s shape closely resembles the bike’s path in this
scenario, we designed a second version in which the bike traveled along College Ave. from north to south, creating a graph
that no longer matched the bike’s physical path on the map.

Although the Downtown Athens Task included a static situation whereas the Downtown Athens Bike Task was dynamic,
both tasks involved considering quantities that were distances between locations. This allowed students to visualize these
quantities as segments on the graph. Students could use these segments as re-presentations of quantities’ magnitudes and
operate on them (e.g., disembedded, translate, partition, etc.).

Swimming Pool Task

The Swimming Pool Task, adapted from Swan (1985), included a dynamic diagram of a pool (see Figure 6a or https://
youtu.be/SWIOqzY FZT0); students could fill or drain the pool by dragging a point on a slider. We designed the task to
support students in reasoning with the relationship between two continuously covarying quantities: amount of water and
depth of water in the pool. We asked students to describe how amount of water varied in relation to depth of water as we
filled the pool. We gave them grid paper and marks on the right side of the pool (Figure 6b) to offer some support in equally
partitioning depth of water as well as amount of water. We then asked students to sketch a graph showing the relationship
between amount and depth of water.

Results

We illustrate students’ distinct graphing meanings according to our analysis of their actions during the teaching exper-
iment. The students’ meanings are summarized in Table 1. At the most general level, we categorized these meanings as
either iconic or quantitative. Iconic meanings involve iconic translation and transformed iconic translations. Coordinate
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Figure 6

Students’ Quantitative and Covariational Meanings of Points

(a) A Diagram of the Pool and (b) A Diagram of the Pool With Grid

(a)

(b)

system structures are not intrinsic to iconic meanings, and thus the two coordinate systems introduced by Lee et al. (2020)
are not relevant to these meanings. Instead, these meanings align with Moore and Thompson’s (2015) notion of static shape
thinking, in which a graph is viewed as an independent object with indexical associations to the situation.

Quantitative meanings involved a point representing (a) a single quantity, (b) a spatial-quantitative multiplicative object,
and (c) a quantitative multiplicative object. Some students re-presented a single quantity within a quantitative coordinate
system (Lee et al., 2020; see Table 2). Their plotted points and graphs aligned with emergent graphical shape thinking,
though in a variational form. Other students engaging with spatial-quantitative multiplicative objects demonstrated emer-
gent graphical shape thinking. This occurred within a coordinate system integrating quantitative and spatial properties
(Lee et al., 2020). Students also reasoned about a graph as an emergent trace of covarying quantities with the meaning of
a quantitative multiplicative object, but they did so in the context of a quantitative coordinate system.

Next, we present empirical data for each meaning. We briefly describe iconic translation, a well-established concept in
mathematics and science education (e.g., Clement, 1989; Monk, 1992; Johnson et al., 2020). We then focus on transformed
iconic translations and the various quantitative meanings because of their contributions as novel models of student thinking.

Iconic Meanings

Students’ iconic meanings involved envisioning points on a plane (Figure 7b) as a location or object that is physically or
figuratively associated with a location or object in the situation (e.g., map of Downtown Athens, Figure 7a). With iconic

Table 1

Overview of the Results

Category and subcategory

Description

Example

Iconic

Iconic translation

Transformed iconic
translation (rigid and
nonrigid)

Quantitative

Nonunited points

Spatial-quantitative
multiplicative object

Quantitative
multiplicative object

Making a perceptual association between objects
or locations in the situation and the points on the
plane

Making a perceptual association between a
transformed version of the situation and the
points on the plane

Conceiving of a point on the plane through
re-presenting a single quantity’s magnitude at a
particular time or state

Conceiving of a point on the plane as an object or
location through re-presenting the object or
location and specified quantitative properties

Conceiving of a single point on the plane through
re-presenting two quantities’ magnitudes
simultaneously

Student drawing a map with locations or objects
on the plane as it appears in the situation

Student adjusting shapes of a map with
locations or objects to fit the plane

Student plotting a single point on the plane
representing the bike’s distance from a
location at a particular time or state

Student plotting a point representing the
physical bike on the plane by coordinating its
distance from Arch and Cannon

Student plotting a point on the plane
representing the bike’s distance from Arch
and Cannon
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Table 2

Connections to and Integration of Existing Quantitative and Covariational Reasoning Constructs

Subcategory Coordinate systems Connection to covariational reasoning

Nonunited points Quantitative coordinate system Considering how one quantity changes
over time (variational form of emergent
shape thinking)

Spatial-quantitative multiplicative object ~ Blend of spatial and quantitative
coordinate systems Considering how quantities change

Quantitative multiplicative object Quantitative coordinate system together (emergent shape thinking)

(conventional and nonconventional)

meanings, what is being translated are objects or locations, not their measurable attributes (i.e., quantities). We distinguish
between (a) iconic translation and (b) transformed iconic translation. We briefly illustrate iconic translation and elaborate
on transformed iconic translation. Students drawing on this meaning did not re-present a quantitative multiplicative object,
because the point on the plane does not unite the magnitudes of two quantities.

Point as a Location or Object and Iconic Translation

Iconic translation occurs when students assimilate points on a plane as locations or objects. Researchers introduced this
notion to characterize when individuals interpret graphs as literal pictures of a situation (e.g., Clement, 1989; Monk, 1992).
In our teaching experiments, some students associated the perceptual or spatial features of objects in the situation (Figure
7a) with corresponding points on the plane (Figure 7b). For example, Mike and Naya employed this meaning by assimilating
the point on the horizontal axis in Figure 7a as the physical Arch because both the map (Figure 7a) and the plane (Figure
7b) positioned it in the southernmost location. Drawing on the same iconic translation meaning, Mike experienced a
perturbation regarding the location of Starbucks relative to Arch, stating, “on the map [pointing], the Starbucks is right
there [pointing to the plane and circling a location indicated by the red arrow in Figure 7b], not to the left.” Similarly, he
expected to see an object up and to the left of the Arch on the map because a corresponding point on the plane existed in
that location, despite no object appearing on the map (see his circled location indicated by the blue arrow in Figure 7a). His
perturbation illustrates how iconic translation involves coordinating the perceptual or spatial features so that points on the
plane mirror their associated objects in the situation.

Point as a Location or Object and Transformed Iconic Translation
A strict iconic translation (such as the one by Mike and Naya) involved students translating from the situation to the
plane (or from the plane to the situation) the perceptual features exactly as they were. A transformed iconic translation

Figure 7

Mike and Naya's Activity in the Downtown Athens Task

@ Double Barrel Cannon “O >
First 0"“
American <P° ®
@ Bank
>n St 'E (]
Wells s
Fargo E
Georgia Theatre o O Bank Q Statue of 2 Q e
! % ® Athena .4
. ( - c (4]
=Starbucks o & = §
& § .
. O
H Broad St E Broad St El
UGA Arché o *
Ocn
- P ’ “
Distance from Cannon R{V

Note. Red and blue arrows were added for the reader’s benefit.
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Figure 8

(a) The Location of the Bike, (b) Zane's Second Draft in Downtown Athens Bike Task, and (c) Zane's Rotated Graph
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involved students translating a transformed version of the perceptual features of the situation to the plane (or in the opposite
direction). Students engaged mainly in two forms of transformation: (a) rigid and (b) nonrigid (deformable) transformations.
Rigid transformations included rotating the page containing the picture of the situation (e.g., a map or a swimming pool)
or the graph, flipping it vertically, or combining both actions. Nonrigid transformations involved altering an object’s shape
or configuration to preserve relative positions or angles when transferring it from the situation to the plane (or in the oppo-
site direction). Nonrigid transformations may include stretching, compressing, bending, and other forms of deformation.

An Illustration From Zane’s Teaching Experiment. Zane’s activity in the Downtown Athens Bike Task exemplified
arigidly transformed iconic translation?. The TR asked him to sketch a graph showing the relationship between the bike’s
distance from Arch and Cannon as it traveled at a constant speed on the map (Figure 8a). Zane conceived of Arch and
Cannon as locations on the vertical and horizontal axes, respectively, as implied by the labels. He drew a light blue segment
moving upward from left to right, marking two dots—one at the origin and another labeled “Bike” (Figure 8b). These dots
corresponded to the bike’s path endpoints on the map, and the segment color matched the path. To explain his graph, Zane
rotated the paper, aligning the blue segment horizontally with the “Bike” dot on the left (Figure 8c). This rotation made
his graph identical to the map, assimilating his graph on the plane as the map itself.

An Illustration From Naya’s Teaching Experiment. Naya’s activity in the Downtown Athens Task exemplified a
nonrigidly transformed iconic translation. She associated points on the plane’s vertical and horizontal axes with the physical
locations of Arch and Cannon, respectively (Figure 9b). She then made a perceptual association between the axes of the
plane and the top and bottom of the map, imagining the horizontal axis of the plane at the top of the map and the vertical
axis at the bottom (Figure 9a). Naya explained, “I think this [bottom of the map] is more like the y-axis, and this [top of
the map] is like the x-axis. So, you put them together. Then, you have all this stuff in the middle,” pointing to the overall
locations on the map and to the points on the plane.

Naya conceived of the axes as boundary lines with objects “in the middle.” She also imagined flipping the map vertically,
placing Arch at the top and Cannon at the bottom (Figure 9c¢), stating, “once we flipped it [the map] around, all that stuff
[top part] is down here [bottom].” This flip aligned points on the plane with their map locations, making her nonrigid iconic
translation coherent.

She continued making perceptual associations between other points and locations. After flipping the map (Figure 9c),
she noted that Arch, Starbucks, and Wells Fargo Bank formed a straight line from top to bottom in both the map and the
plane (Figure 9b). Similarly, the Georgia Theater, Wells Fargo Bank, and the Statue of Athens were colinear in both (see
yellow highlights in Figure 9¢). Naya’s meaning of the points included a nonrigidly transformed iconic translation, using
perceptual features of the transformed map and plane to make sense of the points on the plane.

21In this context, “translation” refers to how students perceptually and conceptually re-present features from one representation (e.g., a map or
situation) onto another (e.g., a coordinate plane). This aligns with our earlier use of iconic translation, in which students assimilate perceptual features
between representations. It is distinct from the geometric transformation known as translation, which refers to shifting a figure without rotation or
distortion.
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Figure 9

(a—b) Naya's Graphing Activity in Downtown Athens Task (c) Flipped Version of the Map Created for the Reader
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Note. Yellow highlights in Panel ¢ were added for the reader’s benefit.

Quantitative Meanings

In this section, we present and analyze students’ quantitative meanings of points, categorized into three types: (a) a point
representing a single quantity’s magnitude (in relation to time; nonunited points), (b) a point representing a spatial-quan-
titative multiplicative object, and (c) a point representing a quantitative multiplicative object in conventional and noncon-
ventional Cartesian planes. The first category includes a point representing one and only one quantity’s magnitude (in
relation to time), but the latter two involve a point representing a multiplicative objects consisting of two quantities’
magnitudes and their relationships. We illustrate each category with empirical data from our teaching experiments.

Point as a Representation of a Single Quantity’s Magnitude (Nonunited Points)

Nonunited points are instances when students interpret points on a plane in terms of re-presenting the magnitude of a
single quantity at a specific event state. For example, in the Downtown Athens Bike Task, a student implementing a
nonunited points interpretation would plot one point for the bike’s distance from Arch at a specific state and another point
for its distance from Cannon at that state. Although these points represent quantities, they do not function as multiplicative
objects with respect to the quantities defining the Cartesian axes; each point pertains to a single quantity at a particular
state. However, this does not mean the student has not conceptualized the point as a multiplicative object. Variational and
covariational reasoning always relate to time, whether implicitly or explicitly (Paoletti & Moore, 2017; Patterson & McGraw,
2018; Thompson & Carlson, 2017). Moore (2025) further clarified that whether a point is a multiplicative object depends
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Figure 10

(a) Mike's Graphs in Swimming Pool Task and (b) Swimming Pool Situation
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Note. Red circle and arrow were added for the reader’s benefit.

on whether the student is reasoning about the quantity’s variation with respect to experiential (passing) or conceptual
(measured) time, with the latter being required to construct a multiplicative object. Because our focus is on the quantities
defining the axes, we do not articulate nuances of the students’ reasoning about time but instead use “states” to describe
different statuses of a perceived experience in either experiential or conceptual time. We underscore that claiming a point
is not a multiplicative object with respect to the coordinate axes does not imply the point is not a multiplicative object
involving one of the quantities in association with event states conceived of in conceptual time.

Mike’s activity in the Swimming Pool Task exemplifies nonunited points. He started his graphing by plotting points on
the plane from the origin (Figure 10a). For the bottom half of the pool, he plotted points showing the relationship between
the amount and depth of water (dots outside the red circle in Figure 10a, labeled A and D). For the top half of the pool, he
plotted a point for each quantity for several states of the pool situation (dots within the red circle in Figure 10a).

Using the tick marks on the pool’s right edge, Mike noted that depth “increases at the same amount each time and never
changes,” leading to his consistent plotting of depth points (Figure 10a). For the amount of water, he observed that after
the third tick mark (red arrow in Figure 10b), “the amount of water gets twice as large as it was before.” That is, he deter-
mined that the amount in the top half of the pool “changes twice as much as” the change in the amount of water for the
bottom half for each tick mark. Thus, the amount of water points on the plane for the top half (dots in the red circle; Figure
10a) are plotted further from the vertical axis labeled “Amount of Water.” He explained, “the amount of water [tracing his
finger on the dots labeled A in the red circle] gets further away from the y-axis to show that there is more, and the depth
of water stays the same, so it keeps going.” In summary, each point Mike constructed represented a single quantity’s
magnitude at a particular state of the filling pool. This included his initial points, which he understood as two overlapping
points, each indicating the re-presenting of a quantity’s magnitude at a particular state.

Representing a Spatial-Quantitative Multiplicative Object

In this section, we illustrate a meaning for points in terms of re-presenting a spatial-quantitative multiplicative object,
incorporating both spatial and quantitative features of a situation. Students’ representation of a spatial-quantitative multi-
plicative object involved envisioning a point on the plane as a location or an object, with the location of the point determined
by re-presenting the location or object’s quantitative properties (e.g., gross comparison of two quantities’ magnitudes).
This meaning is similar to iconic translation in that students conceived of points as representing locations or objects within
the given situation, rather than as entities signifying the disembedded magnitudes of both quantities (e.g., the bike’s distance

Brought to you by Univ of Georgia Lib | Unauthenticated | Downloaded 11/11/25 04:43 PM UTC



Halil I. Tasova and Kevin C. Moore 247

Figure 11

(a) Ella’s Segments in the Situation and (b) Ella’s Segments in the Plane
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from Arch and Cannon). However, unlike iconic translation, this meaning involved identifying the quantitative features
of a location or object in the situation (i.e., its distance from Arch and Cannon), and ensuring that these quantitative prop-
erties were preserved when re-presenting the location or object on the plane. As we illustrate, students who re-presented
a spatial-quantitative multiplicative object often drew segments in the situation to indicate quantities’ magnitudes and
made gross additive comparisons among those apparent magnitudes. Moreover, they transformed those magnitudes from
the situation to the graph, as well as vice versa. But they also conceived of some elements in the plane as physical locations
or objects that they intended their points to preserve.

An Illustration From Ella’s Teaching Experiment. Ella’s activity in the Downtown Athens Task exemplified a
spatial-quantitative multiplicative object meaning. She formed, from our perspective, a two-center bipolar coordinate
system by comparing two quantities’ magnitudes. Ella conceived of Arch and Cannon as locations on the vertical and
horizontal axes, respectively, as implied by the labels (orange dots at each axis end in Figure 11b). She then coordinated
radial distances between points on the plane—perceived by her as places on the map—and their respective distances from
Arch and Cannon. For example, Ella labeled a point “FAB” on the plane to indicate the point that represented the physical
First American Bank (Figure 11b). She reasoned that the orange and blue line segments on the plane showed that First
American Bank is closer to Cannon and farther from Arch, similar to their positions on the map (Figure 11a). Thus, she
re-presented First American Bank’s distance from Arch and Cannon by the respective distances from the axes. Ella antic-
ipated preserving the quantitative features of the situation in the plane, indicating that her meaning of the points was as
spatial-quantitative multiplicative objects.

An Illustration From Mike’s Teaching Experiment. Mike’s activity in the Downtown Athens Bike Task also exem-
plified the spatial-quantitative multiplicative object meaning. He initially drew a straight, upward-sloping line from left to
right (Figure 12b) to re-present the bike’s path “where the bike travels,” and explained, “I drew this line and I imagined
East Clayton Street.” He added tick marks and dots along the line “to represent like where the bike could be.” This suggested
Mike conceived of each point on the graph as the physical bike moving on its path on the plane.

Unlike iconic translation (see Zane’s graph in Figure 8), Mike determined the bike’s position on the plane on the basis
of its distances from Arch and Cannon. For example, when the bike reached a location labeled 2 on the map (Figure 12a),
Mike remarked that “it [the bike] would go right here [ pointing to the tick mark labeled 2 in Figure 12b]” because the bike’s
distances from both Arch and Cannon were minimums at that point. Similarly, he compared distances for other locations
(labeled 1 and 3) to establish their corresponding positions on the graph.

Mike drew horizontal and vertical line segments to indicate his re-presenting the bike’s distances from Arch and Cannon,
respectively. He re-presented the bike’s distance from Arch with the point’s distance from the vertical axis and the bike’s
distance from Cannon with the point’s distance from the horizontal axis. Notably, the horizontal segments were consistently
shorter than the vertical ones, reflecting Mike’s observation that the bike’s distance from Arch was always less than its
distance from Cannon.
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Figure 12

(a) Downtown Athens Bike Task and (b) Mike's Graph
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Mike’s activity suggested that his meaning of the points involved the bike’s quantitative properties and the gross compar-
ison of two quantities’ magnitudes. Unlike Zane, whose meaning we illustrated earlier, Mike did not use a direct iconic
translation of the path. Instead, he focused on preserving and re-presenting the bike’s quantitative properties on the plane.

Representing a Quantitative Multiplicative Object

In this section, we illustrate a meaning for a point as representing a quantitative multiplicative object—a conceptual
object that is formed by uniting in the mind two or more quantities’ magnitudes simultaneously (Saldanha & Thompson,
1998; Thompson, 2011; Thompson & Carlson, 2017). That is, students using a point as a representation of a quantitative
multiplicative object envisioned a single entity on the plane as symbolizing the result of re-presenting two quantities’
magnitudes simultaneously. Our study revealed that students interpreted the coordinate plane in two primary ways. In one
interpretation, aligned with the conventional Cartesian plane, students conceived of the axes as number lines on which
they re-presented the quantities’ magnitudes and united in the plane (Figure 13a). They conceived of the origin as a refer-
ence point for each axis from which to measure the distance. Students created a point by taking two orthogonal magnitudes
along the axes and creating projections. In turn, the space of the graph is inconsequential beyond providing a plane to create
a point by joining the projections.

In the second interpretation, which we consider an example of a nonconventional coordinate system, students’ meaning
of a point was operationally equivalent to a quantitative multiplicative object, but they interpreted the axis labels differently
than on a conventional Cartesian plane. Students did not conceive of the axes as number lines. Rather, they conceived of
the vertical axis as a reference ray, and they re-presented the magnitude of the ray’s labeled quantity using horizontal
distances from this ray. Similarly, they conceived of the horizontal axis as a reference ray, and they re-presented the magni-
tude of the ray’s labeled quantity using vertical distances from this ray. For example, horizontal distances from the vertical
axis labeled “Amount of water” represented the magnitudes of amount of water (i.e., the blue segment in Figure 13b).
Similarly, vertical distances from the horizontal axis labeled “Depth of water” represented the magnitudes of depth of
water (i.e., the red segment in Figure 13b).

We underscore that in both conventional and nonconventional coordinate systems, points represented quantitative multi-
plicative objects, uniting the two quantities’ magnitudes simultaneously. Both interpretations give identical meanings to
points; their difference is in how points are conceived quantitatively with respect to the rays forming the Cartesian axes.
To illustrate these two interpretations of quantitative multiplicative objects, we present examples from Zane’s and Mike’s
work during the Swimming Pool Task.

An Illustration From Zane’s Teaching Experiment (a Quantitative Multiplicative Object in a Cartesian Plane).
Zane began his graphing activity in the Swimming Pool Task by drawing tick marks on each axis and plotting points
corresponding to two related tick marks (see his color-coded points and tick marks in Figure 14a and Figure 14b). He then
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Figure 13

(a) Quantitative Multiplicative Object in a Cartesian Plane and (b) Quantitative Multiplicative Object in a Nonconventional Cartesian
Plane
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Note. In both planes, the lengths of the blue and red segments represent the magnitudes of amount of water and depth of water,
respectively.

connected those points with line segments. He initially constructed Figure 14a and adjusted his graph to Figure 14b to
represent bigger increments at the top half of the pool. He also drew arrows to show “increase” and “decrease” in both
quantities (Figure 14a).

When the TR questioned him about his tick marks, Zane referred to each quantity’s magnitude by drawing a line segment
from the origin to the tick mark on the axis. He also moved his fingers on the axes to simulate the quantities’ variation as
the TR played the animation to fill the empty pool. After we understood that he conceived of the distance from each finger
to the origin as representing the magnitude of amount and depth of water on each axis, we wanted to gain insights into the

Figure 14

(a) Zane's First Draft, (b) Zane's Second Draft, and (c) Zane Moving His Fingers on Axes
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Figure 15

(a) The Location of Zane s Fingers on the Axes When the Pool Was Full, (b) the Location of Zane s Fingers on the Axes for Another State
of the Pool, and (c) Zane Pointing to the Corresponding Point Where Both Fingers Met

(a) (b) (©)

extent to which he coordinated those tick marks on the axes to construct his points on the graph. The TR asked Zane to
indicate the point on his graph that represented the amount of water and depth of water when the pool was full. Zane first
simultaneously pointed to the far right and top purple tick marks on each axis (Figure 14b; also see his gesture illustrated
in Figure 15a), and then he brought his fingers together simultaneously to point to the corresponding purple point on the
plane (Figure 14b). His actions suggested that he could associate these two tick marks on each axis to the point on the plane.
We repeated the same activity for another state of the pool situation, and Zane re-presented amount and depth of water on
the axes (Figure 15b). He followed this by plotting a point on the plane where he joined his index fingers simultaneously
(Figure 15¢).

Taken together with his description of a dot, Zane’s actions suggested that he associated the two tick marks (i.e., the
indications of the quantities’ magnitudes) on the axes with the corresponding point on the plane. Moreover, he held in mind
two quantities associated with a point on the plane and imagined the variation of the two quantities as the point moved.
That is, Zane’s actions are indications that he was able to conceive of a point on the plane as a quantitative multiplicative
object on a Cartesian plane that simultaneously united the two quantities’ magnitudes and their variations. In fact, later in
the session, he described a point moving up and down along the line as representing both quantities’ increases and decreases
at the same time, saying, “the dot represents both.”

An Illustration From Mike’s Teaching Experiment (Quantitative Multiplicative Object in a Nonconventional
Cartesian Plane). To illustrate a student re-presenting a quantitative multiplicative object in a nonconventional Cartesian
plane, we describe Mike’s activity in the Swimming Pool Task. Note that the only difference between a student re-presenting
a quantitative multiplicative object using conventional and nonconventional coordinate systems is the way the student
interpreted the label of each axis as it related to how they conceived of their point as re-presenting the associated quantity’s
magnitude. In the Swimming Pool Task, Mike determined that “depth of water and amount of water both increase” together.
To re-present this directional relationship (i.e., gross coordination of values) on a coordinate plane, he followed a series of
actions outlined in Figure 16. Initially, he represented the simultaneous increase in both quantities using a straight upward
line from left to right (Figure 16a). Additionally, he represented “both the depth of the water and the amount of water” for
different states in the pool animation using tick marks on the graph. He also used a single point on the graph to represent
each state. Furthermore, he drew vertical and horizontal segments connecting the axes to the graph (Figure 16b), with the
lengths of these segments varying to reflect the magnitudes of depth of water and amount of water in the pool animation.
These actions suggested that Mike’s use of points stemmed from the re-presentation of quantitative multiplicative objects.

However, the way Mike organized the space was not consistent with a conventional Cartesian plane. Note that the hori-
zontal and vertical axes in the coordinate plane we provided were labeled as “Depth of water” and “Amount of water,”
respectively. Contrary to the convention of a Cartesian plane, which involves an individual re-presenting the magnitude
of amount of water using horizontal segments on the plane, Mike consistently re-presented the magnitude of the depth of
water for different states using vertical segments. For example, when he drew a segment on the vertical side of the pool to
indicate the magnitude of depth of water in the pool, he associated the same magnitude with a vertical segment in his graph
(Figure 16¢). Similarly, he perceived the direct distance between his graph and the vertical axis as a representation of the
magnitude of amount of water. This was evident because he highlighted a horizontal segment to indicate the magnitude
of amount of water in the pool (Figure 16¢). Importantly, no evidence suggests that Mike considered the specific measure-
ments of these lengths. Instead, his focus was on capturing the overall change in the magnitudes of amount and depth of
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Figure 16

Sequence of Actions Mike Took When Drawing a Graph in the Swimming Pool Task

e

(c)

(a)

water, as depicted by the varying sizes of the vertical and horizontal segments representing these magnitudes in Figure 16b.
This observation provided evidence that Mike’s meaning of points included representing quantitative multiplicative objects
in a nonconventional coordinate system.

Discussion

In this study, we explored middle school students’ meanings of points when they graphed relationships between quantities
in dynamic experiential situations. Our findings address a gap in the literature on students’ understanding of points as
multiplicative objects, revealing more varied and nuanced meanings than previously documented. Prior research identified
iconic meanings, but we introduce new constructs, including rigidly and nonrigidly transformed iconic translations. We
also differentiate novel quantitative meanings: nonunited points, spatial-quantitative multiplicative objects, and quantitative
multiplicative objects in both conventional and nonconventional coordinate systems. These constructs clarify the attributes
students seek to re-present when graphing relationships and provide new directions for researchers and educators supporting
students’ representational activities.

Our findings expand the literature on quantitative and covariational reasoning by revealing how students construct
quantities and coordinate systems—often diverging from researchers’ expectations. This discrepancy highlights the need
for broader models that account for the variability in students’ meanings. By documenting students’ enacted meanings for
points and their alternative uses of coordinate systems, we illustrate how spatial and quantitative reasoning interact to
support emergent shape thinking. Our results also show that students construct coordinate systems through novel, creative
processes, sometimes structuring the plane in ways that go beyond existing frameworks (e.g., Lee et al., 2020). Recognizing
these differences between researcher-intended and student-constructed coordinate systems is a key contribution, providing
insights for researchers and educators supporting diverse and robust mathematical thinking.

A key contribution of this article is the development of second-order models that can serve as foundational frameworks
for further study. Hackenberg et al. (2024) described second-order models as explanatory accounts of students’ learning
that inform instructional design and mathematical interactions. Aligned with this perspective, our framework introduces
nuanced quantitative meanings to explain how students develop emergent shape thinking in graphing. By identifying two
distinct quantitative multiplicative object meanings, our study lays the groundwork for understanding broader graphing
meanings that students construct.

Although this article does not explicitly focus on emergent shape thinking, that construct served as an orienting frame-
work for the teaching experiment. Paoletti et al. (2023) suggested that conceiving of a quantitative multiplicative object is
essential for students to develop emergent shape thinking as a graphical meaning. Our study identifies more nuanced
quantitative meanings, including two distinct quantitative multiplicative object meanings. This nuance highlights the need
to explore how these meanings relate to broader graphing understandings. Specifically, still to be examined is whether the
meanings for points outlined in this study support the development of graphing meanings rooted in static or emergent shape
thinking. We hypothesize that the quantitative meanings, particularly the two types of quantitative multiplicative objects,
provide natural developmental foundations for emergent shape thinking, whereas iconic meanings align more with static
reasoning. In the following sections, we discuss the implications of our constructs for research, teaching, and
curriculum development.
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Transformed Iconic Translation

We distinguished transformed iconic translation from iconic translation, which allowed a more sophisticated model of
students’ activities when creating or interpreting graphs. Transformed iconic translation required additional cognitive
resources because students manipulated the picture or graph shape, which involved aspects of geometric reasoning. This
perspective highlights students’ problem-solving abilities and contrasts with the traditional view that sees iconic translation
as difficult for students (Leinhardt et al., 1990). Although facilitating the development of quantitative meanings for points
on the plane is important, educators must honor transformed iconic translations because they reflect students’ developing
reasoning and spatial sense in making sense of graphs.

Nonunited Points

Our study emphasized the complexity of constructing multiplicative objects by identifying students’ use of nonunited
points, which reflected their tendency to re-present individual quantities separately rather than as composite multiplicative
objects. From a quantitative and covariational reasoning perspective, this may represent a developmental phase in which
students recognized and graphed singular magnitudes but had not yet coordinated them into a unified structure. This
hypothesis aligns with Thompson and Carlson’s (2017) work on students’ progressive development of covariational
reasoning, which suggested that fostering connections between isolated quantities may bridge the gap to more
advanced reasoning.

For example, students in our study often re-presented individual quantities to plot separate points, such as the bike’s
distance from two locations, without uniting the two distances so that a single point emerged from the simultaneous
re-presentation of each. Although this reasoning demonstrated attention to quantitative variation, it highlighted that recog-
nizing individual quantities alone is insufficient for forming a multiplicative object within the Cartesian plane. Importantly,
students’ reasoning about single quantities was inherently tied to time, whether implicitly or explicitly (Moore, 2025;
Thompson & Carlson, 2017). Although we do not focus on temporal reasoning, students’ interpretations of nonunited points
often involved conceptual time, adding to the complexity of their reasoning. By identifying nonunited points as a key
meaning, our research underscored the importance of understanding how students transition from reasoning about indi-
vidual quantities to coordinating them into multiplicative objects. This insight provides a pathway for educators and
researchers to support students in making this critical progression within dynamic contexts.

Spatial-Quantitative Multiplicative Object

Lee etal. (2020) distinguished between spatial and quantitative coordinate systems, noting that the use of these different
systems often remains implicit or conflated in curricular materials and instruction (Lee & Guajardo, 2023; Paoletti, Lee,
et al., 2022). Our findings highlight the implications of such conflation, because some student reasoning exhibited char-
acteristics of both systems. For instance, conceiving of a point as a spatial-quantitative multiplicative object involved
reasoning about spatial and quantitative attributes simultaneously during re-presentation. In the Downtown Athens Bike
Task, Mike re-presented a spatial-quantitative multiplicative object by isolating and disembedding quantities from the
situation and projecting them onto a new space (Figure 12b), aligning with Lee et al.’s (2020) definition of a quantitative
coordinate system. However, Mike also intended to replicate spatial aspects, essentially establishing both a quantitative
and spatial coordinate system simultaneously. Thus, we echo Lee et al.’s (2020) call for more attention to the distinct, albeit
related, uses of different coordinate systems.

Our construct of the spatial-quantitative multiplicative object challenges whether interpreting and constructing graphs
are distinct processes. Graphing activities are typically categorized as either interpretation or construction (Glazer, 2011;
Leinhardt et al., 1990), yet our findings from experiential contexts suggested minimal distinction between the cognitive
operations involved in both. For example, drawing a moving object’s path using a graph can be seen as constructing a
graph, because the path is constructed through re-presenting a quantitative relationship.

To elaborate, in the Downtown Athens Bike Task (Figure 17a), the bike’s distances from Arch and Cannon can be
conceptualized as two magnitudes in a fixed relationship dictated by the bike’s path on the map. These magnitudes can
then be re-presented on a Cartesian plane (Figure 17b) while maintaining the same relationship (https://youtu.be/c
anxTI8UJQ). This activity involves the re-presentation of a quantitative multiplicative object in a Cartesian plane, and is
commonly considered a constructing a graph task. Similarly, given a graph on a Cartesian plane representing the relation-
ship between the bike’s distances from Arch and Cannon (Figure 18a), we can create a corresponding path on the map by
overlaying a bi-radial coordinate system (Figure 18b) and varying the magnitudes to maintain their relationship. This
represents a spatial-quantitative multiplicative object, highlighting how constructing a road or path on a map can be seen
as re-presenting a quantitative relationship graphically. Conceptualizing the activity in this way adds nuance to Lee et al.’s
(2020) distinction by moving the real-life or graph framing to the background and foregrounding the goal-oriented nature
of the activity. Producing Figure 18b involves aspects consistent with both spatial and quantitative coordinate systems
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Figure 17

(a) Downtown Athens Bike Task and (b) A Graph That Represents the Bike s Distance From Arch and Cannon on a Cartesian Plane
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because the bike’s path is constructed by disembedding quantities and their relationships from the graph and projecting
them onto the map in a way that preserves them.

Quantitative Multiplicative Object in Nonconventional Coordinate Systems

Characterizing students’ meanings of points as quantitative multiplicative objects in nonconventional coordinate systems
places an emphasis on validating students’ mathematics instead of focusing on misconceptions. For example, if a student
thinking in a way similar to Mike in the Swimming Pool Task plots the point (3, 5) by going three units up from the x-axis

Figure 18

(a) Graph of the Bikes Distance From Arch and Cannon on Cartesian Coordinate System and (b) Two-Center Bipolar Coordinate
System Overlaid Onto the Map
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Figure 19

Plotting Points and Graphing in a Nonconventional Coordinate System
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and five units to the right from the y-axis (Figure 19a), this reasoning is logically valid and represents the student’s unique
understanding, but is often labeled a misconception (Sarama et al., 2003). For example, Illustrative Mathematics (2024)
listed as an “anticipated misconception” that “students may confuse the order of the coordinate pairs when plotting points”
(Grade 6, Unit 7, Lesson 11). However, this student can consistently plot points (Figure 19b) and create a line graph using
their system (Figure 19¢). Although the resulting graph may look different from one in a conventional Cartesian plane, it
accurately represents the quantitative relationship between the two quantities. Labeling this as a misconception hides
students’ brilliance and prevents teachers and researchers from valuing their current thinking.

A key contribution of this study is our identification of varied uses of coordinate systems, which enhances the field’s
understanding of students’ quantitative and covariational reasoning while supporting inclusive and equitable teaching.
Through this lens, we found that students constructed meaningful quantitative relationships even when their interpretations
of the Cartesian plane diverged from researcher- or educator-perceived standard conventions. Rather than view a noncon-
ventional interpretation as an error, our framework positions it as productive reasoning that can serve as a foundation for
conventional graphing practices. Recognizing and valuing students’ reasoning, even when unconventional, deepens our
understanding of their mathematical thinking (Moore, Silverman, et al., 2014) and reveals how their conceptualizations of
coordinate systems interact with representations of quantities. Our research underscores the importance of engaging with
students’ perspectives, acknowledging that their mathematics is sensible (Adiredja & Louie, 2020; Paoletti et al., 2024).
As Hackenberg (2010a) argued, empowering students and challenging deficit thinking requires building models of their
mathematics. By doing so, researchers and educators can foster flexible, robust reasoning, broadening the scope of quan-
titative and covariational reasoning research and practice.

Future Research Ideas

Future research should test and refine our second-order models across diverse educational settings and student popula-
tions. Although our framework effectively explains our participants’ actions, its broader applicability remains an open
question. Future research should explore the usefulness of these meanings in explaining other students’ mathematical
realities, with iterative refinements expected as researchers encounter new cases and contexts. This process will probably
lead to the extension of existing models and the development of new explanatory frameworks when students’ actions cannot
be fully accounted for.

This iterative model-testing process is crucial for developing robust epistemic subjects—generalized second-order models
that specify categorical differences among a wide range of students’ meanings for a particular idea—that are useful tools
for researchers and educators (Beth & Piaget, 1966; Dawkins et al., 2024; Steffe & Norton, 2014; Thompson, 2014). Through
this process, researchers gain insight into developmental shifts in students’ reasoning. For example, both iconic and quan-
titative meanings for points and graphs have been established as stable second-order models in mathematics education
research. However, further study is needed to understand how students coordinate these meanings and how educators can
support transitions from iconic to quantitative reasoning.

In our teaching experiment, we designed tasks to include various types of quantities, such as static quantities (e.g.,
Georgia Theater’s distance from Arch), lengths (e.g., bike’s distance from Arch), and volumes (e.g., of water in a pool).
Different types of quantities can influence cognitive activity because of their distinct representational demands. For
instance, representing a line segment as a length differs cognitively from representing the volume of water in a pool, because
the former is directly one dimensional whereas the latter requires transforming a three-dimensional quantity into a one-di-
mensional proxy when graphing. Although we observed iconic and quantitative meanings across tasks, we lack sufficient
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evidence to conclude that students’ understanding of these quantities shapes their meanings of points. This presents an
opportunity for future research on how different quantities influence students’ re-presentation activities. Additionally, the
complexity of using two-dimensional representations for three-dimensional objects suggests multiple layers of cognitive
processing that warrant further exploration.

Conclusion

This study offers a framework for understanding middle school students’ meanings of points when constructing graphs
in dynamic, experiential contexts. By identifying both iconic and quantitative meanings—including newly articulated
forms like transformed iconic translations, nonunited points, and spatial-quantitative multiplicative objects—we provide
researchers and educators with conceptual tools to better interpret students’ graphing behaviors. These second-order models
illuminate the diverse ways in which students re-present quantities and relationships, even when their representations
deviate from conventional norms. Rather than view such deviations as misconceptions, our work emphasizes the value of
honoring students’ current thinking as a foundation for future learning. We invite further research to build on these models,
explore their developmental trajectories, and apply them to design instruction that fosters deeper, more flexible reasoning
about graphs and quantitative relationships.
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